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Abstract
Diffusion probabilistic models (DPMs), while effective in gener-
ating high-quality samples, often suffer from high computational
costs due to their iterative sampling process. To address this, we
propose an enhanced ODE-based sampling method for DPMs in-
spired by Richardson extrapolation, which reduces numerical error
and improves convergence rates. Our method, RX-DPM, leverages
multiple ODE solutions at intermediate time steps to extrapolate
the denoised prediction in DPMs. This significantly enhances the
accuracy of estimations for the final sample while maintaining the
number of function evaluations (NFEs). Unlike standard Richardson
extrapolation, which assumes uniform discretization of the time
grid, we develop a more general formulation tailored to arbitrary
time step scheduling, guided by local truncation error derived from
a baseline sampling method. The simplicity of our approach facili-
tates accurate estimation of numerical solutions without significant
computational overhead, and allows for seamless and convenient in-
tegration into DDIM solver. Additionally, RX-DPM provides explicit
error estimates, effectively demonstrating the faster convergence
as the leading error term’s order increases. Through a series of
experiments, we show that the proposed method improves the qual-
ity of generated samples without requiring additional sampling
iterations.
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1 Introduction
Diffusion probabilistic models (DPMs) have emerged as a powerful
framework for generating high-quality samples in a wide range of
applications and domains for images [2, 4, 10, 13], videos [5, 11, 14,
18], 3D shapes [15], etc. While DPMs demonstrate impressive per-
formance in data fidelity and diversity, they also have limitations,
particularly their computational inefficiency due to the sequential
nature of sampling. Addressing this issue is crucial for enhancing
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Figure 1: Application of the proposed extrapolation on two
denoising steps (𝑘 = 2) with time steps of [𝑡𝑖 , 𝑡𝑖−1, 𝑡𝑖−2]. 𝒙̂ (𝑛)

𝑡𝑖−2
denotes that 𝑛 steps are used by the baseline sampler within
the same interval. 𝒙̃ (2)

𝑡𝑖−2
represents the extrapolated estima-

tion using two ODE solutions at 𝑡𝑖−2, 𝒙̂
(1)
𝑡𝑖−2

and 𝒙̂ (2)
𝑡𝑖−2

.

the usability of DPMs in real-world scenarios, where time con-
straints are critical for practical deployment.

The generation process of DPMs can be formulated as a problem
of finding solutions to SDEs or ODEs [13], where the truncation
errors of the numerical solutions are highly correlated to the quality
of the generated samples. To enhance the quality of these samples,
it is essential to reduce truncation errors, which can be achieved by
adopting advanced solvers or numerical techniques that improve
the accuracy of numerical estimations. In this context, we aim to
lower truncation errors by applying numerical extrapolation to
existing sampling methods for DPMs. The key ingredient of the
proposed method is Richardson extrapolation, a proven and widely
used technique in the mathematical modeling of physical problems
such as fluid dynamics and heat transfer, which demand high com-
putational resources. While numerous variants and strategies have
been studied [1, 8, 19], its application to DPMs remains unexplored.
The method uses a simple linear combination of multiple numerical
estimates from different resolutions of a grid to approximate the
ideal solution, where the estimates are expected to converge as the
resolution becomes finer, ultimately reaching the target value in
the limit.

We propose an extrapolation algorithm that is applied repeat-
edly every 𝑘 denoising steps of an ODE-based sampling method
to improve the accuracy of intermediate denoising steps. This is
achieved by utilizing an additional ODE solution, which is esti-
mated by a single step over an interval of 𝑘 time steps. Figure 1
illustrates this concept with 𝑘 = 2 on time steps [𝑡𝑖 , 𝑡𝑖−1, 𝑡𝑖−2],
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which forms a unit block of our extrapolation-based sampling. Two
ODE solutions—single-step and two-step estimations at 𝑡𝑖−2 from
𝑡𝑖—can be leveraged to achieve an approximation closer to the ideal
solution 𝒙∗𝑡𝑖−2 , which is unknown.

The standard Richardson extrapolation assumes a uniform dis-
cretization of the time grid. However, the uniform grid of denoising
time steps might be suboptimal for DPMs; a smaller time interval
near the clean sample is often more beneficial [6, 12] given the
same number of steps. Considering such characteristics of DPMs
and the advantages offered by specific time step discretizations, we
propose an algorithm applicable to arbitrary schedules, with coeffi-
cients determined by the chosen configuration. We observe that our
grid-aware approach yields better performance than conventional
methods.

Although there exist other methods applying extrapolation tech-
niques to diffusion models, their usages of extrapolation are some-
what different from ours. For example, [16, 17] utilize estimations
from earlier steps to improve the estimation at the time step, 𝑡𝑖 ,
whereas our approach adopts two denoised estimations at the same
time step, 𝑡𝑖 , to enhance accuracy at 𝑡𝑖 . In addition, the main build-
ing block of our approach, Richardson extrapolation, is proven to
enhance numerical accuracy and provides an explicit estimate of
the error, which allows for a clear understanding of the convergence
behavior. Furthermore, the implementation of our algorithm is sim-
ple and cost-effective because it requires no additional network
evaluations and insignificant computational overhead to perform
the extrapolation. We refer to the proposed sampling algorithm as
RX-DPM.

Our main contributions are summarized below:

• We introduce an improved diffusion sampler, RX-DPM, in-
spired by Richardson extrapolation, which effectively in-
creases the order of accuracy of existing ODE-based samplers
without increasing NFEs.

• We systematically develop an algorithm for general DPM
solvers with arbitrary time step scheduling starting from the
derivation of a truncation error of the Euler method on a
non-uniform grid.

• Our experiments demonstrate that RX-DPM exhibits strong
generalization performance and high practicality, regardless
of ODE designs and model architectures.

2 Preliminaries
2.1 Diffusion probabilistic models as solving an

ODE
For 𝒑0 = 𝒑data and 𝒙 ∈ R𝑑 , [6] defines a marginal distribution at 𝑡
as

𝒑𝑡 (𝒙) = 𝑠 (𝑡)−𝑑𝒑(𝒙/𝑠 (𝑡);𝜎 (𝑡)), (1)

where 𝒑(𝒙;𝜎) = 𝒑data ∗ N (0, 𝜎 (𝑡)2𝑰 ), and 𝑠 (𝑡) and 𝜎 (𝑡) are non-
negative functions satisfying 𝑠 (0) = 1,𝜎 (0) = 0, and lim𝑡→∞

𝜎 (𝑡 )
𝑠 (𝑡 ) =

∞. The probability flow ODE with boundary condition 𝒙 (𝑇 ) ∼
𝒑𝑇 (𝒙)

𝑑𝒙 = [ ¤𝑠 (𝑡)/𝑠 (𝑡) − 𝑠 (𝑡)2 ¤𝜎 (𝑡)𝜎 (𝑡)∇𝒙 log 𝑝 (𝒙/𝑠 (𝑡);𝜎 (𝑡))]𝑑𝑡 (2)

matches the marginal distribution. By adopting the specific choices,
𝑠 (𝑡) = 1 and 𝜎 (𝑡) = 𝑡 as in [6], Equation (2) is reduced as follows:

𝑑𝒙 = −𝑡∇𝒙 log𝒑(𝒙 ; 𝑡)𝑑𝑡, 𝒙 (𝑇 ) ∼ 𝒑𝑇 (𝒙). (3)

Diffusion models now learn the score function ∇𝒙 log𝒑(𝒙; 𝑡),
which is the only unknown component in the equation. For suf-
ficiently large 𝑇 , the marginal distribution 𝒑𝑇 (𝒙) can be approxi-
mated by N(𝒙; 0,𝑇 2𝑰 ) and the generation process is equivalent
to solving for 𝒙 (0) using Equation (3) with the boundary con-
dition, 𝒙 (𝑇 ) ∼ N (0,𝑇 2𝑰 ). Since the analytic solution of Equa-
tion (3) cannot be expressed in a closed form, numerical meth-
ods are used to solve the ODE. Given the time step scheduling,
0 = 𝑡0 < 𝑡1 < . . . < 𝑡𝑁 = 𝑇 , the solution is given by

𝒙 (0) = 𝒙 (𝑇 ) +
∫ 0

𝑇

−𝑡∇𝒙 log𝒑(𝒙 (𝑡); 𝑡)𝑑𝑡 (4)

= 𝒙 (𝑇 ) +
1∑︁

𝑖=𝑁

∫ 𝑡𝑖−1

𝑡𝑖

−𝑡∇𝒙 log𝒑(𝒙 (𝑡); 𝑡)𝑑𝑡, (5)

where each integration from 𝑡𝑖 to 𝑡𝑖−1 can be approximated by ODE
solvers such as the Euler method or Heun’s method.

2.2 Richardson extrapolation
Let the exact and numerical solutions at 𝑡 = 0 be 𝑉 ∗ and 𝑉 (ℎ),
respectively, where ℎ (0 < ℎ < 1) denotes the step size. If 𝑉 ∗ =

limℎ→0𝑉 (ℎ) and the order of truncation error is known, Richardson
extrapolation [9] identifies a faster converging sequence, 𝑉̃ (ℎ). For
instance, 𝑉 (ℎ) with a truncation error in the order of 𝑂 (ℎ𝑝 ) is
expressed by

𝑉 ∗ = 𝑉 (ℎ) + 𝑐ℎ𝑝 +𝑂 (ℎ𝑞) (6)

for 0 < 𝑝 < 𝑞 and 𝑐 ≠ 0. Then, for a fixed constant 𝑘 > 1,

𝑉 ∗ = 𝑉 (ℎ/𝑘) + 𝑐

𝑘𝑝
ℎ𝑝 +𝑂 (ℎ𝑞) . (7)

From Equations (6) and (7), eliminating the ℎ𝑝 terms, we obtain the
solution

𝑉̃ (ℎ, 𝑘) =
𝑘𝑝𝑉 (ℎ/𝑘) −𝑉 (ℎ)

𝑘𝑝 − 1
, (8)

which has a truncation error of𝑂 (ℎ𝑞), asymptotically smaller than
𝑂 (ℎ𝑝 ).

3 RX-DPM
Before discussing the proposed method, we first outline the algo-
rithmic development process for the most simplified problem and
then explore an extension to a general DPM solver. The application
of our method, RX-DPM, to a specific solver will be referred to as
RX-[SolverName].

3.1 Truncation error of Euler method on
non-uniform grid

We now derive the truncation error formula for the Euler method
on a non-uniform grid, based on the local truncation error, which
results from a single iteration. For intuitive clarity, we consider a
one-dimensional ODE of the form

𝑑𝑥 = 𝑓 (𝑥, 𝑡)𝑑𝑡,
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where 𝑓 is a smooth function. Suppose that the numerical solution
is obtained using the Euler method with the discretization points
[𝑡𝑖 , 𝑡𝑖−1, . . . , 𝑡𝑖−𝑘 ] in a reverse time order, given the initial condition
𝑥 (𝑡𝑖 ) = 𝑥𝑡𝑖 . From now on, we denote 𝑥 (𝑛)𝑡 𝑗

as the numerical solution
at 𝑡 𝑗 obtained by 𝑛 iterations and 𝑥∗𝑡 𝑗 as the exact solution at 𝑡 𝑗 .
Given ℎ = 𝑡𝑖 − 𝑡𝑖−𝑘 and 𝜆 𝑗 = 1

ℎ
(𝑡𝑖−𝑗+1 − 𝑡𝑖−𝑗 ) for 𝑗 = 1, . . . , 𝑘 ,

the local truncation error formula of the one-step Euler method,
derived from the Taylor expansion, is expressed as

𝑥
(1)
𝑡𝑖−1

= 𝑥𝑡𝑖 − 𝜆1ℎ𝑓 (𝑥𝑡𝑖 ; 𝑡𝑖 ) = 𝑥∗𝑡𝑖−1 −
1
2
𝑥 ′′𝑡𝑖 𝜆

2
1ℎ

2 +𝑂 (ℎ3). (9)

Then, the truncation error of the two-step numerical solution is
derived as

𝑥
(2)
𝑡𝑖−2

= 𝑥
(1)
𝑡𝑖−1

− 𝜆2ℎ𝑓 (𝑥 (1)𝑡𝑖−1
) (10)

= 𝑥∗𝑡𝑖−1 −
1
2
𝑥
′′
𝑡𝑖
𝜆21ℎ

2 +𝑂 (ℎ3) − 𝜆2ℎ𝑓 (𝑥 (1)𝑡𝑖−1
) (11)

= 𝑥∗𝑡𝑖−1 − 𝜆2ℎ𝑓 (𝑥∗𝑡𝑖−1 ) −
1
2
𝑥
′′
𝑡𝑖
𝜆21ℎ

2 +𝑂 (ℎ3) (12)

− 𝜆2ℎ𝑓 (𝑥 (1)𝑡𝑖−1
) + 𝜆2ℎ𝑓 (𝑥∗𝑡𝑖−1 ) (13)

= 𝑥∗𝑡𝑖−2 −
1
2
𝑥∗

′′
𝑡𝑖−1𝜆

2
2ℎ

2 − 1
2
𝑥
′′
𝑡𝑖
𝜆21ℎ

2 +𝑂 (ℎ3) (14)

(∵ Equation (9) and 𝑓 is smooth) (15)

= 𝑥∗𝑡𝑖−2 −
1
2
𝑥
′′
𝑡𝑖
(𝜆21 + 𝜆22)ℎ

2 +𝑂 (ℎ3) (∵ 𝑓 is smooth). (16)

Inductively, we can obtain the truncation error for the 𝑘-step
solution as

𝑥
(𝑘)
𝑡𝑖−𝑘

= 𝑥∗𝑡𝑖−𝑘 − 1
2
𝑥
′′
𝑡𝑖

𝑘∑︁
𝑗=1

𝜆2𝑗ℎ
2 +𝑂 (ℎ3), (17)

which approximates 𝑥∗𝑡𝑖−𝑘 with a truncation error of 𝑂 (ℎ2).

3.2 RX-Euler
We now describe RX-Euler performing extrapolation every 𝑘 steps
on the Euler method. Extrapolation is executed as a linear combina-
tion of two different numerical solutions 𝒙̂ (1)

𝑡𝑖−𝑘
and 𝒙̂ (𝑘)

𝑡𝑖−𝑘
obtained by

the Euler solver over a single step on the grid [𝑡𝑖 , 𝑡𝑖−𝑘 ] and 𝑘 steps
on the grid [𝑡𝑖 , 𝑡𝑖−1, . . . , 𝑡𝑖−𝑘 ], respectively. To calculate coefficients
for extrapolation, we use the truncation error derived in Section 3.1,
which can be also applied to Equation (3) in Section 2.1, as the
ideal score function is considered smooth; its derivative is Lipschitz
continuous, referring to the equation in Appendix B.3 of Karras
et al. [6]. From Equations (9) and (17), we derive the expressions
for 𝒙̂ (1)

𝑡𝑖−𝑘
and 𝒙̂ (𝑘)

𝑡𝑖−𝑘
for a constant 𝒄 as follows:

𝒙̂ (1)
𝑡𝑖−𝑘

= 𝒙∗𝑡𝑖−𝑘 + 𝒄ℎ2 +𝑂 (ℎ3) (18)

𝒙̂ (𝑘)
𝑡𝑖−𝑘

= 𝒙∗𝑡𝑖−𝑘 + 𝒄
𝑘∑︁
𝑗=1

𝜆2𝑗ℎ
2 +𝑂 (ℎ3). (19)

Then, by solving the linear system of Equations (18) and (19), we
approximate 𝒙∗𝑡𝑖−𝑘 through the following extrapolation:

𝒙̃ (𝑘)
𝑡𝑖−𝑘

=
𝒙̂ (𝑘)
𝑡𝑖−𝑘

−∑𝑘
𝑗=1 𝜆

2
𝑗
𝒙̂ (1)
𝑡𝑖−𝑘

1 −∑𝑘
𝑗=1 𝜆

2
𝑗

, (20)

which involves a truncation error of 𝑂 (ℎ3), asymptotically smaller
than 𝑂 (ℎ2).

In the sampling process, we set the initial condition at the next
denoising step, 𝑡𝑖−𝑘 , as 𝒙̃

(𝑘)
𝑡𝑖−1

, and repeatedly perform the proposed
extrapolation technique every 𝑘 steps. Because this approach pro-
vides provably more accurate solutions at every 𝑘 steps, we can
reduce error propagation and expect better quality of generated
examples.

The proposed method is applicable to first-order methods in
general, including DDIM [12], which is arguably the most widely
used DPM sampler. In this context, we bring the interpretation of
DDIM as the Euler method applied to the following ODE:

𝑑𝒚 = 𝜖𝜃 (𝒙 (𝑡), 𝑡)𝑑𝛾, (21)

where 𝒚(𝑡) = 𝒙 (𝑡)
√︁
1 + 𝛾 (𝑡)2 and 𝛾 (𝑡) =

√︂
1−𝛼2

𝑡

𝛼2
𝑡

in the variance-

preserving diffusion process [13], i.e., 𝒑𝑡 (𝒙 |𝒙0) = N(𝛼𝑡𝒙0, (1 −
𝛼2𝑡 )𝑰 ). Thus, instead of using the time grid, we compute 𝜆 𝑗 ’s in
Equation (20) in terms of 𝛾 (𝑡)’s, replacing 𝑡 with the correspond-
ing 𝛾 (𝑡) in the computation, while the other procedures remain
unchanged.

RX-Euler (RX-DDIM) does not require additional NFEs beyond
the number of time steps, as the first prediction of every 𝑘-step-
interval can be stored during the computation of 𝒙̂ (𝑘) and reused to
obtain 𝒙̂ (1) . The only extra computation involves a linear combina-
tion of two estimates, which is negligible compared to the forward
evaluations of DPMs.

3.3 Analysis on global truncation errors
We perform an analysis on global truncation errors of the Euler
method and RX-Euler under the same NFEs. Assume that we solve
an ODE satisfying Lipschitz condition from 𝑡 = 1 to 𝑡 = 0 with
NFEs = 𝑁 .

Euler. Since the Euler method requires a single network evalu-
ation for each time step, the number of time steps allowed is 𝑁 .
Since the local truncation error of the Euler method on step size of
ℎ = 1/𝑁 is expressed as 𝑐ℎ2 +𝑂 (ℎ3), the global truncation error is
given by

(𝑐ℎ2 +𝑂 (ℎ3)) · 𝑁 =
𝑐

𝑁
+𝑂 (𝑁−2) = 𝑂 (𝑁−1) . (22)

RX-Euler. If RX-Euler performs extrapolation every 𝑘 steps, the
extrapolation happens 𝑁 /𝑘 times, where 𝑁 is equal to the NFEs
for the Euler method. The local truncation error for RX-Euler over
each 𝑘 steps, which has the interval of ℎ = 𝑘/𝑁 , is expressed as
𝑐 ′ℎ3 +𝑂 (ℎ4) and therefore the global truncation error is given by

(𝑐 ′ℎ3 +𝑂 (ℎ4)) · 𝑁
𝑘

=
𝑘2𝑐 ′

𝑁 2 +𝑂 (𝑁−3) = 𝑂 (𝑁−2). (23)

RX-Euler exhibits a higher convergence rate of the global trunca-
tion error compared to the Euler method by one order of magnitude.
Using the same approach, we can also demonstrate that the pro-
posed method achieves faster convergence of the global truncation
error for higher-order solvers.
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Figure 2: Effect of extrapolation on the Euler method with
different 𝑘’s.

4 Experiment
4.1 Implementation details
We conduct the experiment with EDM [6], Stable Diffusion V21 [10],
using their official implementations and provided pretrainedmodels.
Throughout all experiments, we retain the default settings from the
official codebases, except for additional hyperparameters related to
the proposed method. For experiments with EDM as a backbone, we
generate 50K images and compute FID [3] using the evaluation code
provided in their implementations. To evaluate Stable Diffusion V2
results, we use the PyTorch implementation for the computation of
FID2 and CLIP score3 with the patch size of 32 × 32.

4.2 Validity test
We first evaluate the effectiveness of RX-Euler under the EDM
backbone for 𝑘 ∈ {2, 3, 4}, where smaller 𝑘 values correspond to
more frequent extrapolation over the same number of time steps.
As shown in Figure 2, RX-Euler consistently achieves significantly
better FID scores than the Euler method across all values of 𝑘 . In
particular, when extrapolation is applied every two steps, i.e., 𝑘 = 2,
our approach achieves the best performance across a wide range
of NFEs. This indicates that more frequent extrapolation leads to
more accurate intermediate predictions, effectively mitigating error
accumulation in the final samples. Meanwhile, the curves for 𝑘 ≥ 3
remain closer to that of 𝑘 = 2 than to the Euler method, empirically
validating the reduced truncation error derived in Equation (20)
for general 𝑘 . In other words, even sparse extrapolation still has a
significant impact on the output quality. For the rest of our results,
we set 𝑘 = 2.

We also compare the proposedmethodwith conventional Richard-
son extrapolation, as formulated in Equation (8) with 𝑘 = 2, which
employs fixed coefficients. This baseline is labeled as Naïve (𝑘 = 2)
in Figure 2. When comparing RX-Euler (𝑘 = 2) with Naïve (𝑘 = 2),
we find that our method produces superior results. This implies that
extrapolation coefficients adapted to arbitrary time step scheduling
are more effective than fixed coefficients derived from uniformly
discretized time steps. In other words, the proposed grid-aware
coefficients enable more effective extrapolation than deterministic
ones, better capturing the varying importance of precision in DPMs
over time [6].

1https://github.com/Stability-AI/stablediffusion, v2-1_512-ema-pruned.ckpt
2https://github.com/mseitzer/pytorch-fid
3https://huggingface.co/openai/clip-vit-base-patch32
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“A pair of giraffe standing
in a big open area.”

Figure 3: Qualitative results of DDIM and RX-DDIM based on
Stable Diffusion V2. RX-DDIM produces sharper and more
detailed backgrounds, especially evident in the left exam-
ple. On the right, RX-DDIM generates more realistic giraffes,
whereas DDIM struggles at NFEs = 50, failing to properly
render the giraffe.

Table 1: FID and CLIP scores of DDIM and RX-DDIM using
Stable Diffusion V2.

NFEs 15 50

Method \ Metric FID (↓) CLIP (↑) FID (↓) CLIP (↑)
DDIM 19.15 31.727 18.65 31.711
RX-DDIM 17.24 31.629 17.83 31.727

4.3 Comparisons on Stable Diffusion
We apply RX-DDIM to Stable Diffusion V2, which provides various
conditional generations. For evaluation, we generate 10K 512 × 512
images from unique text prompts in the COCO2014 [7] validation
set and compute FID and CLIP scores on resized 256 × 256 images.
As shown in Table 1, our method also performs well on large mod-
els. However, we observe that RX-DDIM yields lower CLIP scores
at NFEs = 15, which we attribute to classifier-guidance scales. Ac-
cording to [10], optimal classifier-free guidance scales differ across
models. Since the default setting is tuned for DDIM, RX-DDIM may
benefit from further optimization. Figure 3 presents qualitative com-
parisons between DDIM and RX-DDIM, highlighting the superior
image quality of RX-DDIM. Notably, RX-DDIM generates images
with more vivid colors, sharper textures, and more realistic object
depictions, leading to an overall more natural appearance.

5 Conclusion
We introduced RX-DPM, an advanced ODE sampling method for
DPMs that leverages extrapolation based on two ODE solutions
derived from different discretizations of the same time interval. Our
algorithm computes the optimal coefficients for arbitrary time step
scheduling without additional training and incurs no extra NFEs
by utilizing past predictions. This approach effectively reduces
truncation errors, resulting in improved sample quality. Extensive
experiments on well-established baseline models and datasets con-
firm that RX-DPM surpasses existing sampling methods, offering a
more efficient and accurate solution for DPMs.
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